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Abstract. In this study, we investigate the problem of achieving proportional
fairness via Access Point (AP) association in multi-rate WLANSs. This problem
is formulated as a non-linear program with an objective function of maximizing
the total user bandwidth utilities in the whole network. It is NP-hard, and
therefore effort in this paper is made to seek approximate solutions. We propose
a centralized algorithm to derive the user-AP association via relaxation. Such a
relaxation may cause a large integrality gap. Therefore a compensation function
is introduced to guarantee that our algorithm can achieve at least half of the
optimal solution in the worst-case scenario theoretically. Extensive simulation
study has been reported to validate and compare the performances of our
algorithms with those of the state-of-the-art.

Keywords: AP association, bandwidth allocation, multi-rate WLANS, proportional
fairness.

1 Introduction

By default, each user in IEEE 802.11 WLANSs associates with the AP that has the
largest received signal strength indicator (RSSI). As typically users are not uniformly
distributed among all APs, RSSI based approach may overload some APs while leave
others carrying very light load or even being idle. This load unbalancing could result
in unfair bandwidth allocation. Although the network is supposed to serve fairly at
high performance, fairness and efficiency are often in conflict with each other. With
the development of multi-rate WLANSs, this problem has become even more
challenging, as users with different bit rates intend to share the same WLAN.

802.11 MAC protocol provides equal long-term transmission opportunities to
users. Therefore, users with the same frame size can achieve equal throughput (i.e.
throughput-based fairness). However, in multi-rate  WLANs, throughput-based
fairness requires that users with lower bit rates occupy the channel for a longer time
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than those with higher bit rates, drastically reducing the network throughput [1]. To
overcome this problem, time-based fairness is proposed such that each user can obtain
an equal share of channel occupancy time. Recent research [1] has shown that time-
based fairness outperforms throughput-based fairness in multi-rate WLANS.

There are two fairness criteria that are widely used in network resource assignment.
Max-min fairness [2] distributes resources as equally as possible among users. While
proportional fairness [3], on the other hand, allocates bandwidth to users in
proportion to their bit rates to maximize the sum of the bandwidth utility of all users.
Proportional fairness has been utilized to effectively exploit the tradeoff between
fairness and network performance [3], [4].

Fairness, load balancing, and AP selection are three interrelated dimensions of the
resource management problem. Nevertheless, very few recent researches jointly
consider these three dimensions in multi-rate WLANSs. Though different algorithms
have been proposed to achieve fairness [1], [5], they only consider the problem at a
single AP instead of the whole network. Other approaches optimize the AP
association for efficient resource assignment [6], but they do not consider fairness.
Load balancing has been proposed to optimize the resource assignment in [7], but
fairness again is not considered.

It has been observed that jointly considering AP association and fairness can
effectively improve the aggregated network throughput [4], [8] in WLANS, since
users may reside in the overlapping coverage areas of multiple APs while each user is
only associated with one AP at a time. Li ef al. [4] propose two approximate AP
selection schemes, cvapPF and nlapPF, for periodic offline optimization. Both cvapPF
and nlapPF rely on relaxation and rounding to obtain an integral user-AP association.
Bejerano et al. [8] demonstrate the strong correlation between fairness and load
balancing, and propose a load balancing technique to obtain an optimal max-min fair
bandwidth allocation.

In this paper, we propose an algorithm for AP selection to achieve proportional
fairness. In our system model, the resources at all APs are considered as a
whole when allocating bandwidth fairly to users. With this network-wide fairness
objective, load balancing is automatically considered. Our Non-linear Approximate
Optimization for Proportional Fairness (NLAO-PF) is centralized and can be adopted
periodically in real multi-rate WLANSs applications. Since the non-linear optimization
problem is NP-hard [4], NLAO-PF is decomposed into four steps to simplify the issue
and improve the degree of approximation. Our problem formulation is motivated by
the non-linear program in [4] but we adopt a completely different approach to relax
the variables in our approximation algorithm design. By introducing a compensation
function to the objective function to narrow down the gap caused by relaxation, the
total utility of the bandwidth allocation via NLAO-PF is proved to be at least 1/2 of
the optimal in the worst case. Our comparison-based simulation study indicates that
NLAO-PF performs well when the users are distributed randomly and uniformly in
the network. Moreover, the performance is even better when users are distributed in a
hot spot area.

The rest of the paper is organized as follows. Our system model is introduced in
Section 2. The algorithm is detailed in Sections 3. After presenting the evaluation
results in Section 4, we conclude this paper in Section 5.
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2 System Model

Our network topology models an IEEE 802.11 based multi-rate WLAN network that
consists of multiple APs. Each AP has the same limited coverage area and serves users
in its area. Overlapping coverage areas of adjacent APs may exist. The union of the
coverage areas of all APs forms the network coverage area. We assume that each AP
transmits messages with the same power as defined by IEEE 802.11. We further
assume that each user is covered by at least one AP, and each AP has at least one
associated user. The notations and definitions to be utilized are summarized in Table 1.

Table 1. Notations

Symbol Semantics
A The set of all access points (AP).
A; The set of APs that can be associated with (cover) user i.
n n=|A4|, the number of APs.
U The set of all users
m m=|UJ, the number of users.
i The SINR of user i when associated with AP j.
gii The channel gain from AP j to user i.
i The transmission power of AP ;.
Ny The receiver noise power.
w; The weight of user i.
b; The effective bandwidth allocated to user i.
7y The effective bit rate between user i and AP ;.
X The association coefficient between user i and AP ;.
X The 0-1 user-AP association matrix.
t; The transmission time between user i and AP j.
T The transmission time allocation matrix.

Table 2. The Relationship between SINRs and Rates

. (dB) 6-7.8 | 7.8-9 | 9-10.8 | 10.8-17 | 17-18.8 | 18.8-24 | 24-24.6 | 24.6-
r;; (Mbps) 6 9 12 18 24 36 48 54

As we have known, a user in an overlapping coverage area will be interfered by
other APs. The effective bit rate of a user in an 802.11 network is determined by the
experienced SINR of the user. More precisely, let % denote the SINR of user i when
associated with AP j. We have,

8ijPj @))

2 guPr tNo
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Further, the relationship between the effective bit rates and the SINR ranges in the
802.11 network is shown in Table 2 [9].

It is assumed that the network is saturated such that all APs are busy all the time
and all users always have data ready to send. We will consider a unit of time in which
the network is stable, with no new user joins and no current user leaves. This means
that under our consideration the total transmission time of an AP is equal to 1. Each
AP assigns transmission times to users in accordance with proportional fairness. A
user is allowed to choose only one AP within the unit time.
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We formulate the AP association problem based on proportional fairness to a non-
linear program. In our system model, the resources at all APs are considered as a
whole when allocating bandwidth to users. With this network-wide fairness objective,
load balancing is automatically taken into account. We intend to maximize the fotal
utility of the user bandwidth, which is defined to be the sum of logarithms of the
bandwidths allocated to all users [3]. Since the effective bandwidth of user i

is hzZ?:]xgtUnj , we obtain the following optimization formulation:

max D31 wi log(>_ xiitimyy)

st 1<i Sm,Z';zlx,-j =1, (a) )
1< j<n, Z;n il = (b)
1<i<m,I< j<n,xye{0) ©
1<i<m 1< j<ni;€[0.1]. )

Eq. (2) is referred as a Non-linear Program (NLP). Note that our objective function
considers the weights of users, which reflects their priorities in a real network. The
constraint (a) indicates that each user can associate with one and only one AP; the
constraint (b) requires that the total transmission time of each AP j is equal to 1; the
constraint (c) assures that x;is a binary variable that is equal to 1 if and only if user i
associates to AP j; and the constraint (d) specifies the range of the variable ¢;. We can
prove that NLP is NP-hard by slightly adapting the reduction procedure proposed in
[4]. Note that this problem formulation is motivated by [4] but our approach to
solving the problem via relaxation, as elaborated in Section 3, is fundamentally
different and totally novel.

3 The NLAO-PF Algorithm

Since NLP is NP-hard, we propose an approximation algorithm Non-Linear
Approximate Optimization for Proportional Fairness (NLAO-PF) outlined in Alg.1, to
simplify the issue and improve the degree of approximation.

Algorithm 1. NLAO-PF

1. {t';}=solve r-NLP {{w;}, {r;}}.

2. Get fractional solution {x’;}=solve ¢-NLP {{w;}, {r;}, {t’;}}.
3. Get integral solution {x;} by a rounding process {{t’;}, {x’;}}.
4. Redistribute transmission time to obtain {#;} and calculate {b;}.

The basic idea of NLAO-PF is to relax the binary variable x;; such that each user is
allowed to associate with multiple APs within a unit time. This relaxation may result
in a large integrality gap [10]. To overcome this problem, we modify the objective
function of NLP by adding a compensation function g(X,7) in NLAO-PF, which is
defined as follows.

Definition 1. The compensation of user i on AP j is defined by w;x;it;log(x;) , if r;>0;

0, otherwise. Thus the compensation of user i to all APs can be expressed
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by w; (Z?:lx,-jt,j log(r;;)) . Therefore the compensation function g(X,T) can be defined
correspondingly as follows:
g(X.N)=3"" wi (zl;:lxijtzj log(;)) . 3)

This compensation function is introduced to improve the lower bound of our
algorithm to effectively narrow down the integrality gap caused by relaxation. The
steps of NLAO-PF are detailed in the following subsections.

3.1 Relaxed Optimization Program

The first step of NLAO-PF is to solve the following relaxed optimization problem to
obtain an optimal {#’;}.

max Y wilog(X iy )+ 20 wi (Xt log (7))

st 1<ismy) <1, (a)
1< j<n, Y =1, (b) 4)
1<ism,I< j<nt;€(0,1]. @)

Eq. (4) is referred as the relaxed Non-linear Program (r-NLP). Compared with Eq.
(2), r-NLP replaces t; by t';, sets x;; =1, and includes the compensation function in its
objective function. The constraint (a) indicates that the total transmission time of user
i with all APs cannot surpass 1; the constraint (b) requires that the total transmission
time of each AP is equal to 1, which means that all APs are saturated in the unit time;
and the constraint (c) defines the range of the variable ¢’;. Obviously, the optimal
solution for {#’;} from Eq. (4) can be found in polynomial time [4].

3.2 Fractional Association

After solving r-NLP, we obtain the transmission time {¢’;}. Now we take {t’;} as the
input, and get the fractional user-AP association {x’;}. Because of the requirements
for solving convex programs, we change the linear equality constraint of NLP to a
linear inequality constraint in the following problem formulation, which does not
change the solution value.

max 3" wilog(Yl_ it + 20 wi (X xijtilog ()

st. lSiSm,Z';:lx{j >0, (a)
1<j<ny " xjt =1, (b) ©)
1<i<m 1< j<nx}; 20. (©)

Eq. (5) is referred as the complemented Non-linear Program (c-NLP). Its objective
function is designed to approximate the optimal solution to NLP. The constraint (a)
indicates that a user should connect with at least one AP; the constraint (b) forces the
total transmission time of each AP be equal to 1; and the constraint (c) defines the
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range of x’; for the case of fractional association. Note that here we take {t’;}
obtained from Eq. (4) as the input to ¢-NLP and obtain the optimal association {x’;}
for c-NLP given {t’;}.

We can prove that the gap introduced by our relaxation procedure is bounded. Let

f(X ,T):Z:’ilmlog(z;?zlx,-jt,-jnj) ,h(X,T)=f(X,T)+g(X,T).Then the objective functions

of r-NLP and ¢-NLP become h(X=1, T) and h(X,T), respectively. Correspondingly,
h(X=1, T’) and h(X’,T’) are the solutions obtained from r-NLP and c-NLP,
respectively.

Theorem 1. Let f{X*,T*) be the optimal solution to NLP. Then fiX*,T*)<h(X’,7")<2
JX*T™).
Proof. With )" x/it/;=1 (constraint (b) in Eq. (5)) and r; > 1, AX",T")>g(X", T")>0.

Thus A(X’,T") L2AX’,T’) LAX*T*). Note that fIAX*T*) is also feasible to ¢-NLP
from the relationship between NLP and c¢-NLP. Thus we have, AX*T%)
<SAX=1,T")+g(X=1,T")=h(X=1,T")<h(X’,T’), where the last inequality holds true from
the fact that A/(X=1, T’) is feasible to c-NLP. [ ]

3.3 Optimization Program Rounding

In this step, we use the rounding algorithm proposed in [11] to obtain an integral
association matrix X. That is, we fix the time allocation {#’;} and replace the
fractional association {x’;} by a 0-1 variable {x;} that encodes the desired association
of users to APs. The description of the rounding scheme is as follows.

First, we construct a bipartite graph G(x)=(U,V,E), where the set U represents the
users in the network, and the set V consists of AP nodes denoted by V={v;: j=1,...,n,

k=1,...,0; }, with QJJ Zl])qj-‘. This means that each AP may have multiple nodes in

V. The edges in G(x) are constructed in the following way. If Q;<I, there is only one
node v;; corresponding to AP j. For each x’;>0, add an edge e(u;, v;;) to E, and set
x’(u;, vy))=x"y, where x’(e) is the fractional association weight of the corresponding

user and AP. Otherwise, find the minimum index i, such that Zik: lx{jzk. For i=i;,
+1,..., % 1 and x’;>0, add edges e(u;, vi) and set x’(u;, vy)=x";. For i=i;, add the
edge e(u;, vy) and set x'(u,-,vjk):l—Z::k_l X (uwvp) . If Zi‘: X >k , add the edge e(u;

=i+l
Vigs1)) and set x'(u,-,vj(kﬂ)):Z?': X ;v )~k . The profit of each edge e(u;, vj) in E is
defined to be w;log(];r;j) -

Second, we find a maximum-profit matching M(x) that matches each user node to
an AP node in G(x). For each edge e(u;, vj) in M(x), schedule user i on AP j and set
x;=1. Set other x;’s to be 0. Since the fractional association {x’;} specifies a
fractional matching, such a maximal matching does exist and it determines the
integral association {x;}. More details can be found in [11].

Note that {#’;} and {x’;} are computed from r-NLP and ¢-NLP, respectively. The
rounding scheme constructs an integral assignment {x;}. We denote this integral
solution as f (X T”), which is also feasible to NLP. We have
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Theorem 2. f (X, T") > f (X*,T*)/2.

Proof. Note that {x;} is obtained by employing the rounding scheme proposed by
Shmoys and Tardos in [11], which proves the following property: AX", T )>fX",T").
Thus, X T)>AX",T>[X",T")+g(X’, T)12=h(X", T 2>fX*T*)/2, where the last
inequality holds from Theorem 1. [

3.4 Transmission Time Redistribution

Since the user-AP association changes after rounding, we need to redistribute the
transmission time. This is the last step of NLAO-PF, in which we assign transmission
times to users according to proportional fairness.

Theorem 3. Let {x;} be the integral user-AP association coefficients obtained from
the rounding procedure outlined in Section 3.3. Given {x;}, the unique optimal
transmission time assigned to user i by AP j according to proportional fairness

is Lij :x,-jwi/(z;:’:lxkjwk) .
Proof. (a) First, we consider the case of a single AP. Assume that the number of users
covered by the AP is m. Since the objective function of Eq. (2) is the sum of

logarithms, maximizing the total utility of the user bandwidth (Eq. (2)) is equivalent
to maximizing Eq. (6):

H,ril(tzj”y)w’ ZH;i](tiln'l)W" ZH:Z](til)wi H;i](n'l)wi . (6)

Note that {r;} is the set of optimization constant. Therefore maximizing Eq. (6) is
equivalent to maximizing Eq. (7):

[T o=t 0) @t 121): - Gt ) - @)
Wi Wy Win

Since Y™ =1 , Eq (7) is maximzed if and only if iff,/w =1,
Jwy =+ =t /W, =1/ (T w,). Thus we have 1 =w; /(2 wi) -
(b) Now we consider the case of multiple APs. Let x;;be a 0-1 variable denoting

the association coefficient between user k and AP j. Then zkm:]xkjwk is the sum of the

weights of all users associated to AP j. With a similar analysis as that of case (a), the
optimal transmission time given {x;} can be calculated by Eq. (8).

ty=xgwi [ (I g W) - 8)
We conclude that given {x;}, our transmission time assignment based on proportional
fairness is unique and optimal. |

The solution obtained from our algorithm NLAO-PF can be denoted as f (X, T%).
Based on Theorems 2 and 3, we have f (X, T%) > f (X", T") > f (X* T*)/2. That is, the
approximate solution obtained from NLAO-PF is no less than half of the optimal
solution of NLP.
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4 Evaluation

For ease of comparison, we employ the same simulation settings as those in [4], which
are detailed as follows. We place a total of 20 APs on a 5 by 4 grid, with each AP on a
grid point. The coverage area of each AP is set to 150 meters and the distance between
two adjacent APs is set to 100 meters. We arrange 50~300 users to simulate different
levels of network loads. Assume that the transmission power of each AP is 20dBm
[12]. The coverage area of the network is the union of the coverage areas of all APs.
Assume that all users have the same weight. There are two types of user distributions
under our consideration: (1) users are randomly and uniformly distributed within the
coverage area of the network; (2) users are randomly positioned in a circle-shaped
hotspot with a radius of 100 meters near the center of the 20-AP network.

We employ a simple wireless channel model in which the effective bit rate only
depends on the experienced SINR. For simplicity, we adopt the values commonly
advertised by 802.11a which is shown in Table 2. The channel gain is modeled by the
following equation,

gij=sidi* . (10)

Table 3. Data Analysis on Different Algorithms

Case Algorithm Ave.(Mbps) Var.(Mbps) Fairness Total utility
FraOp 4.82 3.42 0.87 129.18
NLAO-PF 4.79 3.78 0.86 128.01
Uniform cvapPF 4.19 3.75 0.87 117.32
SSF 4.82 9.12 0.71 120.18
LLF 3.87 3.36 0.85 109.53
FraOp 4.06 1.07 0.94 119.51
NLAO-PF 4.05 1.23 0.93 118.73
Hotspot cvapPF 3.55 1.53 0.93 108.01
SSF 2.04 14.29 0.39 38.12
LLF 3.17 1.93 0.85 92.64

—=- FraGp{1} === FraOp(1}
1o} = NLAO-PFi2) 16| — NLAO-PF(2)
=== cvapPF({3} —-= cvapPF(3}
SSF(4) 14 SSF(4)
10p] - L T (e T | | (N LLF{5)
= = 12 :
5 = 10
3 8 @ @ @
5 P
{T\J {Q vy
4 P o
- 3 \*,}
o . . . o . . .
0 50 100 150 200 0 50 100 150 200
User Index User Index
(a) uniform case (b) hotspot case

Fig. 1. The user bandwidth of different AP association algorithms
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where s;; is a log-normally distributed shadowing factor, and dj; is the distance between

user i and AP j. Shadowing factors are generated according to the Viterbi model [13],

with E(s;)=0dB and 6(s;)=10dB. The receiver noise power N, is set to -80dBm.
Fairness is quantified by the Jain’s fairness index [14], which is defined as follows,

J=Cm b))/ b2, (11)

where larger values of J&[0,1] indicate a better fairness. In proportional fairness,
larger values of the total utility, which reflects the tradeoff between the aggregated
throughput and fairness, indicate a better performance.

During our simulation, the network topology structure and the effective bit rates are
assumed to be steady. There is no backhaul capacity limitation.

We compare the performances of the following algorithms: (1) NLAO-PF; (2)
cvapPF [4]; (3) Strongest Signal First (SSF); (4) Least Load First (LLF) [8]; (5) Since
the problem of AP association based on proportional fairness is NP-hard, NLAO-PF
and cvapPF only obtain approximate solutions. For comparison purpose, we use the
result obtained from r-NLP without the compensation function g(X,T) as a benchmark
and call it FraOp.

We have performed extensive simulations by varying the number of users and
obtained qualitatively similar results. Thus in this subsection we only report the results
for the 200-user case. The statistics of achieved bandwidth, Jain’s fairness index, and
total bandwidth utility of different algorithms are presented in Table 3.

First Fig.1 plots the achieved per-user bandwidth in Mbps vs. user index, with the
users sorted by their bandwidths in increasing order. In the uniform case, SSF achieves
a little bit higher average bandwidth, demonstrating a much larger variance in the
bandwidth allocation and a poorer fairness. However, in the hotspot case where users
reside in the vicinity of certain APs, leading to a more intensive competition for
resources and a more imbalanced network load. Obviously, SSF aggravates the extent
of load imbalance and enlarges the bandwidth allocation variances without considering
fairness. It is also difficult for LLF to enhance the user bandwidth effectively because
it only takes into account load balancing but ignores the user rate. On the other hand, in
these two cases, NLAO-PF and cvapPF can both achieve proportional fairness, but
NLAO-PF outperforms cvapPF in terms of bandwidth allocation with a value closer to
FraOp. The fairness index of these two algorithms is almost the same. Moreover, the
total utility of NLAO-PF is 99% of that of FraOp, while that of cvapPF is about 90%.
Therefore, we conclude that NLAO-PF outperforms cvapPF, SSF and LLF.

Second, the number of users vs. AP index is shown in Fig.2, with the APs sorted by
their users in increasing order. The number of users associated with an AP is
considered as the load metric. In these two cases, both NLAO-PF and LLF perform
better than the other two algorithms in terms of load balancing. However, from Table
3, we observe that LLF has a lower average bandwidth and a poorer fairness than
NLAO-PF, since it ignores the user rate. It can be concluded that NLAO-PF offers a
more effective tradeoff between the bandwidth allocation and load balancing.

Besides per-user bandwidth, we also compare the aggregated throughput of all
algorithms. Fig.3 plots the aggregated throughput in Mbps vs. the number of users. In
the uniform case, although SSF achieves a higher aggregated throughput, it reduces
the level of fairness in bandwidth allocation. Among the remaining three algorithms
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Fig. 3. The aggregated throughput of different AP association algorithms

(except FraOp), NLAO-PF obtains much higher aggregated throughputs than the
other two algorithms, especially in the hotspot case. On the other hand, compared
with cvapPF, NLAO-PF has a higher approximate degree, and its optimization results
are more prominent. What is more, in the hotspot case, advantages of our algorithm
are even more significant.

5 Conclusion

The widespread of multi-rate WLAN applications makes the network management
more complex and critical. Fairness and AP association are two hot issues. In multi-
rate WLANSs, some users may get starved if fairness is not carefully considered. In
this paper, we investigate how to optimize user-AP association to achieve
proportional fairness, and propose a new AP association algorithm termed NLAO-PF
for this purpose. Although the problem of AP association for proportional fairness is
NP-hard, NLAO-PF obtains a result that is guaranteed to be at least half of the
optimal solution via a compensation function. Simulations confirm that our scheme
can achieve proportional fairness in bandwidth allocation and enhance the aggregated
throughput effectively. Moreover, in the hotspot case, the advantage of our algorithm
is even more significant.
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